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Problem statement

@ Estimate the strength of wet sand.

e Given base area find maximal height.
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Guinness book

The highest castle:

11.53 m
Connecticute, USA
800 tons of sand
1400 voluteers

50 days

1. B. Nargan
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Statement and general analysis

General considerations

@ Problem parameters

a[m] - sand size

R[m] - base radius (or base v/S )

H[m] - castle height

o[N/m] - water surface tension

plkg/mq] - sand density

Es[Pa = N/m?] - dry sand Young modulus
¢ - sand humidity

glm/s’]
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Statement and general analysis

General considerations

@ Dimensionsless parameter combinations and assumptions
e ¢ < 100% - sand humidity
e a/R <« 1 - homogenious medium
e R/H <« 1- rod case

o _ rraz~m/pa3 t f tential
© pga = mgh water surface energy/potential energy
]
Esa
@ Estimate: D. Quere, Non-sticking drops. Rep. Prog. Phys. 68, 2005.
° p;Ha ~1
e Height 10-20 cm (!)
e Does not depend on area (!)
o Criticized.
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How column sticks together: microlevel

Section 2

How column sticks together: microlevel
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Water bridges

Figure: Taken from [7], fluorescent microscopy photo.
Glass+water. Volume water percent (clockwise from left up -
0.1%, 0.3%, 3%, 6%)
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How column sticks together: microlevel

Water bridges: sticking force

(R+n)?=(R+d/2?+(n+nr)? (1) 2
2 R
F =2nrno —mrifAp = tno + 7o 1 (2) r
r
d=0—F=2m0R (3) R d
@ For a small amount of water is necessary
to consider irregularities of spheres
e For large amount of water F=0 11
@ Dependence on humidity: Appapr =0 [r - r] (4)
F =210R - f(8) o
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Column destrction: 2 mechanisms

Section 3

Column destrction: 2 mechanisms
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Shift destruction

Shift condition

. 2 2
(F + mg)(sinf — pcosh) — ;,uF,,p > ;an

2rac S

Fop =
" (2a)2  cosf

. . 2 .
Multipliers = - from angle averaging.

(F + mg)(sin20 — p(cos20 + 1)) > (u + 1)2705

F+mg

"
™ %,

@
% OOJQ
Fy
Z\8

Destruction angle: maximal tangential tension

tg20m = —1/p, r < h
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Column destrction: 2 mechanisms

Destruction from shift: cylinder and cone

h, m
3.0
Cylinder: critical height

25 VI2+ 1R + 2 —ph—r = 2(u+1)-Z

_ o _2(ptl)
i he = o i1 at r < h

9 =10cm |

i Zga: 05 Cone: critical height

hey = o 2tl) _ Bsina o4 5 g
pga _/ 1—cos(a—0,

1.0 . 1 (o=o)

Cone will never destroy at o < 6

« - angle at base

0.5 Cylinder

Cone tgeo =K
02 04 06 08 1.0 12 "
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Column destrction: 2 mechanisms

Measurements for sand from Wolga river: p
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Column destrction: 2 mechanisms

Measurements for sand from Wolga: a
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Column destrction: 2 mechanisms

Measurements for sand from Wolga: a
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Column destrction: 2 mechanisms

Measurements for sand from Wolga: a
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Column destrction: 2 mechanisms

Measurements for sand from Wolga: a
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Measurements for sand from Wolga

Pmax = 0.75
a=20—-200um

p = 1430kg/m?

72mN/m

g — — —
pga — 1430kg/m3-10m/s20.1mm 2—25cm

Tamper effect: smaller grains play role.
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On strength and tampering

Mass of weight, destroying column on column height
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Buckling instability: simplest example

Light rod of constant round cross-section with fixed [ n
ends is pressed with force T. For arbitrary
cross-section:

M + [g;x?] =0

e F, =—-T

o My =—EIY" M, =—EIX" M, =0

o EIX" + TX' =0, X(0) = X(H) = X(0) =
X'(H)=0

o X'=U,U"+ LU=0,U(0)=U(H)=0

U=A-sin\/T/Elz

e \/T/Elz=mn II _)(>
° TC,:%Wz ‘{
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Column destrction: 2 mechanisms

Buckling of cylindrical column under its own weight

Buckling of cylindrical column under its own weight
Landau, Lifshitz b.7:

Humex = 1.98 (%)1/3, = R/

1004 ]
= Hmax(R) for cylindrical
=3 column of wet sand [6]

£
[ =
Hyppay ~ RO-7%0.05
10 T
0.1 1 10

Radius (cm)
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Column destrction: 2 mechanisms

Buckling of arbitrary shape column under its own weight[5]

el6] = [y L1(s)62(s)ds + pg [y a(s)z(s)ds

o I(s) = cEa?(s)
@ Fix the volume:
L V= fOL a(s)ds

@ Dimensionless:
s[L], a[V /L], e[cEV?/L3]

e[0] = [i {3a2(5)02 + Acost(s) [¢ a(t)dt} ds, rae A = LE
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Buckling of arbitrary shape column under its own weight[5]

e Minimize energy: de/d0 = 0. 2.0‘- ]
o (a°05)s + Asinf [ a(t)dt = 0 - angular |

momentum balance eg-n obtained. sty
e (1) =0, a%05|s—o = 0 - bound. cond. v

@ small bend approx.: sinf = 6, got eg-n on eigen .ﬂg
values and eigen functions \ﬁ i
@ Maximize \ over possible column shapes:
§\/da = 0. Obtain: 2(ah2)s + \6? = 0.
05t

@ System can be solved only numerically.

e From cylindrical column close to _
destruction one can make column of 0,0 tsstsd

0
arbitrary shape 1.47 times higher. (S((;())/%imlffm)“
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Column destrction: 2 mechanisms

Two effects together

Typical sand from Wolga

Hypothetical small-grained and
strong sand

h.m
h.m
6 o __ 1
— =1m
60 pga
. p=0.9
B —=10em 0
4 Prga
= .25 10
8
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2
Buckling instability 20
1 Shift, cone Buckling instability
L = Shift, cone
E ,m
0.5 1.0 155 20 25 ‘ = 10 13 20 .m
u - v
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Optimal humidity

Optimization at low r: Young Optimization at high r: strength

modulus[6,7] 0.6 . . . .
o l i 0.5+ ]
S SR
® ) E:
oot
= 106_ ® g
a B +
© osf i ]
s
10°3 0.2k+ ]
1E-3 0.01 0.1 o ‘ ‘ . . .
Volume fraction ) 06 2.5 SIOhumiZiiSty %10.0 125 150
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Conclusions

@ Sand is sticked together by water bridges.
@ Two effects play role at destruction:
o Buckling instability (for smaller areas)
o Shift under own weight (for larger areas)
@ From cylindrical column close to destruction one can make column of
arbitrary shape 1.47 times higher.

h,m

6

) & J—

g e 10cm
w=0.75

[}

Buckling instability
Shift, cone

r.m
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Thank you for your attention!

Thank you for your attention!

D. Oliinychenko (Wolfram, MIPT, Russig Sand castle April 3, 2013 22 /1



Literature

1

8

L. EULER, Determinatio onerum, quae columnae gestare valent,
Leonhardi Euleri Opera Omnia 2, Vol. 17, C. Blanc and P. de Haller,
eds., Orell Fuessli Turici, Switzerland, 1982

Landau, Lifshitz v.7

J. B. KELLER AND F. I. NIORDSON, The Tallest Column, J. Math.
Mech., 16 (1966)

Steven J. Cox and C Maeve McCarthy, The shape of the tallest
column, SIAM Journal of Applied Math Anals 29 (1998), no. 3

Y. Farjoun, J Neu, The tallest column—a dynamical system approach
using a symmetry solution, Studies in Applied Mathematics, 2005

M. Pakpour, M. Habibi, P. Mgller D. Bonn, How to construct the
perfect sandcastle, Scientific Reports (2) 549, August 2012

Moller P., Bonn D., The shear modulus of wet granular matter.
Europhys.Lett. 80, 2007.

N. Mitarai, F. Nori Wet granular materials, Advances in Physics, 2006,

150+ references to wet granular materials literature.

D. Oliinychenko (Wolfram, MIPT, Russig Sand castle April 3, 2013 23 /1



Young modulus of the wet sand

@ Two spheres of radii R are pressed together. Herzian force Fpe,,
depends on § dbl Fre, = 49£R1/2E553/2.

@ In case of water bridge between the spheres, eqiullibrium contraction
Jeq is defined from force balance: 2roRf (¢) = %RIQES&%?

o With external force exerted Fey;, one gets Ad:
Fext = FHerz((seq + A(s) - FHerz((Seq) ~ ¥R1/2E55;42A5 =
(£)" RBEZPF($)1/3613 6 = kIS,

e Arbitrary grains orientation: A = Al -sinf, | = 2R - sinf,
Fext = F - sinf, E = Fg;//f‘ = S sin3.

e Orientation averaging: E = ﬁ

Young modulus:
\1/3 1/3
E=g(5)" (E2/R) " 1(9)
Experimentally checked at [7] for ¢ > 2-1073%.
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